2018 Mock AIME Solutions

by TheUltimate123

(Remastered on March 16, 2019)

Instructions

1. DO NOT BEGIN READING THE PROBLEMS UNTIL YOU HAVE STARTED YOUR TIMER.

2. This is a 15-question, 3-hour examination. All answers are integers ranging from 000 to 999, inclusive.
Your score will be the number of correct answers. There is neither partial credit nor penalties for
WTIong answers.

3. Only scratch paper, graph paper, rulers, compasses, protractors, and erasers are allowed as aids. No
calculators, smartwatches, phones, or computing devices are allowed. No problems on the exam will
require the use of a calculator.

4. A combination of your AIME score and your American Mathematics Contest 12 score is not used
to determine eligibility for participation in the nonexistent Mock USA Mathematical Olympiad (US-
AMO). A combination of your AIME score and your American Mathematics Contest 10 score is not
used to determine eligibility for participation in the nonexistent USA Junior Mathematical Olympiad
(USAJMO).

5. PM your answers to TheUltimate123 on AoPS.
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1 Problems

10.

11.
12.

The ASCII value of a digit is 48 more than the digit. For instance, the digit 0 has a value of 48, while
the digit 7 has a value of 55. Let g(n) be defined as the sum of the ASCII values of the digits of n for
all positive integers 1, when expressed in base 10. For instance, ¢(10) = 97 and g(1234) = 202. The
sum of all positive integers n such that ¢(n) = n is N. Find the remainder when N is divided by 1000.

There exist two non-intersecting circles with radii 4 and 3. Suppose the length of their common

internal tangent is 21. Then, the length of their common external tangent is v/d, where d is a positive
integer. Find d.

Twelve points are chosen uniformly and at random on the circumference of a circle. The probability
there exists a diameter MN such that all twelve points lie on the same side of MN is % for relatively

prime integers p and gq. Find p +g.

For all subsets S of the set {1,2,3,...,511}, let p(S) be the product of all the elements of S, with p ()

defined as 1, and v(S) be the largest integer such that 2°(5) divides p(S). Over all such S, find the
expected value of v(S).

Denote by S the set of real numbers x such that 0 < x < 10000. Let f : S — R be a function such that
100f (xy) = f(x+y)f(x —y) + x+y
for all x, y such that both sides are defined. Find the remainder when f(2018)? is divided by 1000.

In triangle AABC, X lies on AB and Y lies on AC such that BY bisects ZABC and CX bisects ZACB.
BY and CX intersect at a point P. Suppose that P lies on the circumcircle of triangle AAXY. If
AX =15and AY = 24, find AP

Let ap = 20, a; = 18, and a,, = a,,_1 + a,—» for all integers n > 2. There exist relatively prime positive
integers m and n such that
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Find m + n.

The base of a cone with radius 1 and height 1/3 lies on the horizontal. A plane p passes through the
cone and forms an angle of 30 degrees with the horizontal. The intersection of the horizontal and p is
a line that is tangent to the base. The area of the cross section formed when p passes through the cone
is N7, and N? can be expressed in the form 2, where m and n are relatively prime positive integers.
Find m + n.

An ant is initially positioned at the origin. Every second, it moves 1 unit in a direction that is cho-
sen uniformly and at random. Suppose that for all nonnegative integers n, E; is the ant’s expected
distance from the origin. If K denotes the smallest positive integer such that Ex > 2018, find the
remainder when K is divided by 1000.

Find the remainder when
100

Y (9" +117).

n=0
is divided by 1000.

Find the smallest positive integer n such that n® + 5n% + 21 + 2 is divisible by 1000.

In triangle AABC, AB = 13, BC = 14, CA = 15, and a point P lies on BC. Let Q be the foot of the
perpendicular from P to AB and R be the foot of the perpendicular from P to AC. Suppose Iz and
Ic are the incenters of triangles APBQ and APCR, respectively. Then the maximum possible area of
APIglc is I, where m and n are relatively prime positive integers. Find m + n.
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13.

14.

15.

There are N ordered quadruples of positive integers (a,b, ¢, d) that satisfy a + b + 2c + 3d = 89. Find
the remainder when N is divided by 1000.

Suppose 2019 chicks are sitting in a circle. Suddenly, each chick randomly pecks either the chick on
its left or the chick on its right with equal probability. Let k be the number of chicks that were not
pecked. The probability k is odd can be expressed as 5, where p and g are relatively prime positive

integers. Find the remainder when p + g is divided by 1000.

Let a, b, ¢, and d be positive real numbers such that

13 (ac + bd)? 5 (ad + bc)?
195 =a? + 0> = > +d* = = :
cAr = 1362 — 10bc + 13¢2 542 — 8ac + 5¢2

Find the greatest integer that does not exceed a + b + ¢ +d.
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2 Answers
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3 Solutions

1. The ASCII value of a digit is 48 more than the digit. For instance, the digit 0 has a value of 48, while
the digit 7 has a value of 55. Let g(n) be defined as the sum of the ASCII values of the digits of n for
all positive integers 1, when expressed in base 10. For instance, ¢(10) = 97 and g(1234) = 202. The
sum of all positive integers n such that g(n) = n is N. Find the remainder when N is divided by 1000.

Solution. . First note that a one-digit integer cannot satisfy the condition, as g(n) > 48. In addi-
tion, integers with k > 4 digits cannot satisfy the condition as well, as g(n) < (48 +9)k = 57k < n.
Now, we only need to consider two-digit and three-digit integers.

If n has two digits, let n = ab. Then, g(n) = (48 +4a) + (48 +b) = 96 +a + b. Also, n = 10a + b, so
96 +a+b =10a+ b, so 9a = 96. This is clearly not possible.

If n has three digits, let n = abc. Then, g(n) = (48 +a) + (48 +b) + (48 +¢) = 144 +a+ b + c. Also,
n = 100a + 10b + c. Thus, 144 +a+ b+ ¢ = 100a + 10b + ¢, so 144 = 99a + 9b, and 9(11a + b) =
144 = 1la+ b = 16. The only pair (a,b) that satisfies this is (1,5). Since ¢ can be any digit, the
desired sum is 150 + 151 4 - - - + 159 = 309 - 5 = 1545, and the requested remainder is 545.

2. There exist two non-intersecting circles with radii 4 and 3. Suppose the length of their common in-
ternal tangent is 21. Then, the length of their common external tangent is v/d, where d is a positive
integer. Find 4.

Solution. . Suppose the center of the circle with radius 4 is P and the center of the circle with
radius 3 is Q. Suppose the common internal tangent touches circle P at A and circle Q at B. Let PQ in-
tersect AB at X. Then, by AA, APAX ~ AQBX. It follows that ‘1% = ‘g—g = %. Since AX + BX =21,

AX =12 and BX = 9. It follows that PX = 41/10 and QX = 3/10, so PQ = 7+/10.

Suppose the common external tangent touches circle P at A" and Q at B. Suppose C lies on AP such
that A’P 1. CQ. Then, since A’P || B'Q, CP = 1 and AC = 3. Note that since CQ || A’B/, CQ = A'B'.
It is easy to see that CQ = /PQ? — CP? = /489, and the answer is 489.

3. Twelve points are chosen uniformly and at random on the circumference of a circle. The probability
there exists a diameter MN such that all twelve points lie on the same side of MN is % for relatively

prime integers p and gq. Find p + g.

Solution. . Label the points A1, Ay, ..., A1p. Assume A is the leftmost point. Because MN
is the diameter of the circle, we want on the other points to be in the same semicircle. This occurs

with probability 2%, because there are 11 other points. But, to select A1, we have 12 options, so the

probability in question is 21721 = 327212 = zi = %, and the answer is 3 + 512 = 515.

4. For all subsets S of the set {1,2,3,...,511}, let p(S) be the product of all the elements of S, with p (D)
defined as 1, and v(S) be the largest integer such that 2°(5) divides p(S). Over all such S, find the
expected value of v(S).

Solution. . Since each number has a % chance of being in S, the value of v2(p(S)) is simply

3 (02(1) +02(2) + ...+ v2(511)). Let ay = va(1) +02(2) + ... + vz (2"). We seek (a9 — v5(512)) =

%(ag —9). Notice that a9 = 0, and a, = 2a,,_1 + 1. The former is obvious, but to show the latter,

observe that the sequence v5(n) is 0,1,0,2,0,1,0,3,0,1,0,2,0,1,0,4, . . . like a ruler. Note that the sum
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of the last 8 terms is one more that the sum of the first 8, because the only difference is the final term.

It is easy to see by induction that a, = 2" — 1. Therefore, the answer is %(511 -9)= % = 251.

5. (e_power_pi_times_i) Denote by S the set of real numbers x such that 0 < x < 10000. Let f : S -+ Rbea
function such that

100f(xy) = f(x +y)f(x —y) +x +y
for all x,y such that both sides are defined. Find the remainder when f(2018)? is divided by 1000.

Solution. . Plugging in (0, 0) results in 100f(0) = £(0)2. Either f(0) = 0,100. Then plug in (x,0)
to get 100£(0) = f(x)? + x, so if f(0) = 0 the function only outputs imaginary numbers for positive
x. Then 100? = f(x)? + x, so £(2019)? = 100% — 2018 = 7982.

6. In triangle AABC, X lies on AB and Y lies on AC such that BY bisects ZABC and CX bisects ZACB.
BY and CX intersect at a point P. Suppose that P lies on the circumcircle of triangle AAXY. If
AX =15and AY = 24, find AP?.

Solution. .

Notice that

180:4A+4XPY:4A+4BPC:4A+(90—1—4214) :90+#,

whence ZA = 60.
Since P is the incenter of AABC, AP is the angle bisector of ZA. Then,

/PAX = /PAY = /PXY = /PYX = 30°.

By the Law of Cosines on AAXY, XY = 21. Since APXY is an isosceles triangle with an angle of
120°, PX = PY = 7+/3. Then, by Ptolemy’s Theorem on quadrilateral AXPY,

24.7/34+15-7V/3 =21- AP —> AP =133,

so AP? = 507.
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7. Letay = 20,4y =18, and a, = a,,_1 + a,_» for all integers n > 2. There exist relatively prime positive
integers m and n such that

[e¢]
4 _m
o

Find m + n.

Solution. . Let the expression be S. Note that
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and we are done.

8. (dilworthpenguins) The base of a cone with radius 1 and height /3 lies on the horizontal. A plane p
passes through the cone and forms an angle of 30 degrees with the horizontal. The intersection of
the horizontal and p is a line that is tangent to the base. The area of the cross section formed when p
passes through the cone is N7z, and N? can be expressed in the form 2, where m and n are relatively
prime positive integers. Find m + n.

Solution. . Note that by definition, the cross section is an ellipse.
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Let the vertex of the cone be A, and B be the point of tangency between the base of the cone and the
intersection of plane p with the horizontal (which we will call /). Suppose C lies on the base such that
BC is a diameter. Let D be the midpoint of AC and O be the center of the base. Let E be the foot
of the perpendicular from D to BC, and F be the midpoint of BE. Let MN be the minor axis of the
ellipse. Let M’ be the intersection of line AM with the horizontal. Similarly define N’. Suppose the
intersection of BC and M’N’ is G. Let P and Q lie on the circumference of the base such that PQ lies
directly under MN, with PM < PN and QN < QM.

Note that M’ and N’ lie on the circumference of the base, since M and N lie on th@rface of the cone.
It is easy to see that AABC is an equilateral triangle with side length 2. Then, BD is the major axis

of the ellipse. In addition, it is easy to see that AD = /3, so the semi-major axis has length 32@ It
suffices to find MN.

Consider the distances of points from the horizontal. Call the distance from a point X to the horizon-
tal zx. Then, z4 = /3, and thus zp = 325 Note that z); = zy = 345, and zpy = zpy = 0. Since
AAMN ~ AAM'N’, MN = 3M'N’.

Since BE = %, BF = %, and OF = 1. Note that F lies on PQ. It follows by the similarity between
AAMN and AAM'N' that OG = 4OF = L. Since OM’ = ON’ = 1, GM’ = GN' = 2{2, and
M'N' = %i. It follows that MN = /2, and the semi-minor axis of the ellipse is ‘/Ti

IS

Then, the area of the ellipse is 77 - @ . @ = \/Tg 7. Tt follows that N2 = %, and the answeris3+8 =11,



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
//
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();
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and we are done.

An ant is initially positioned at the origin. Every second, it moves 1 unit in a direction that is cho-
sen uniformly and at random. Suppose that for all nonnegative integers n, E;, is the ant’s expected
distance from the origin. If K denotes the smallest positive integer such that Ex > 2018, find the
remainder when K is divided by 1000.

Solution. . Note that Eg = 0. Suppose that when moving from time n — 1 to time 7, the ant
moves 1 unit in the direction that forms an angle of 6,, with the line connecting the origin and the
point at which the ant was. Then, we have

E2=F2 | 4+1—2E, 1cosf,.

Notice that the probability the ant moves at an angle of 8, is equal to the probability the ant moves at
an angle of 180 — 6,, and that cos 6,, + cos (180 — 6,,) = 0. It follows that the expected value of cos 6,
is 0, and by Linearity of Expectation,

E2=FE_,+1
Since Eg = 0, E, = \/n by induction. Because after K seconds we expect the ant to be more than 2018
units from the origin, Ex > 2018, so K > 20182, and K? = 20182 + 1 = 18% + 1 = 325 (mod 1000),
and we are done.

(tigerche) Find the remainder when
100

Y (9" +117).

n=0
is divided by 1000.

Solution. . Let

Since we are dealing with modulo 103, we are encouraged to expand this with the Binomial Theorem.
Modulo 10°, we get

4, = 9" 4+ 11" = (10 — 1)" + (10 + 1)".

100n2 — 1 2, ifni ;
0, = 00n 00n + 2, %n%seven, (mod 1000)
20n, if n is odd.
We then have
100
Zan5100<22+42+---+1002)—100(2+4+---—|—100)+20(1+3+---+99)+2~51
n=0
.51-101
z100-4-y7100-50~51+20~502+102

=102, (mod 1000)

the answer.

(e_power_pi_times_i) Find the smallest positive integer 1 such that n® + 512 4 2n + 2 is divisible by 1000.

Solution. . By inspection, n = 3 (mod 8). Finding n modulo 125 would be quite tedious.
Instead, we will find n mod 5, and “lift” the modulus to 125. By inspection, n = 1,3 (mod 5). We can
split this into two cases: n = 1 and n = 3 modulo 5.
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e Case1: n =1 (mod 5). Then, let n = 5u + 1 (mod 25). It follows that (5u + 1)% 4+ 5(5u + 1)? +
2(5u+1) +2 = 0 (mod 25). Notice that when we expand, many terms are divisible by 25. It
follows that 15u +1+5+10u +2+2 =0, 0or 10 = 0 (mod 25). This is obviously false, so there
are no solutions for n =1 (mod 5).

e Case2: n =3 (mod 5). Then, let n = 5u + 3 (mod 25). It follows that (5u + 3)% + 5(5u + 3)% +
2(5u +3) +2 =0 (mod 25). Expanding gives 135u +27 +45+10u+6+2=0,0r20u +5=0
(mod 25). Dividing by 5 gives 4u +1 =0 (mod 5),or u =1 (mod 5).

It follows that # = 8 (mod 25). Now we can let n = 25v + 8. It follows that (250 + 8)3 + 5(250v +
8)2 +2(250 +8) +2 = 0 (mod 125). Expanding gives 48000 + 512 + 320 + 500 + 16 +2 = 0, or
1000 + 100 = 0 (mod 125). Dividing by 25 gives 4v +4 = 0 (mod 5), or v = 4 (mod 5). It follows
that n = 108 (mod 125). Since n = 3 (mod 8), the Chinese Remainder Theorem gives n = 483
(mod 1000), and we are done.

In triangle AABC, AB = 13, BC = 14, CA = 15, and a point P lies on BC. Let Q be the foot of the
perpendicular from P to AB and R be the foot of the perpendicular from P to AC. Suppose Iz and
Ic are the incenters of triangles APBQ and APCR, respectively. Then the maximum possible area of
APIglc is &, where m and n are relatively prime positive integers. Find m + n.

Solution. .

B P C

First, we will find a closed form for the area of APIgI-. Notice that PIg bisects ZBPQ and Pl bisects
ZCPR, so
(90— /B) ; (90— 2C) _ o0 %

Since ZIgPI is fixed, it suffices to maximize Plg - Plc.

ZIgPlc =180 —

Consider APBIg. Notice that Z/BIgP = 90 + % = 135°. By the Law of Sines,

Pl BP _ (/B
= — PIz=+2-BP-sin| = ).
sin/PBI; _ sin ZBIzP B=V2 Sm( 2 )

Similarly, we know PIc = v/2- CP - sin (%) It follows that

[Plglc} = -PIB-PI(j~SinZIBPIC

~\f2-BP-sin(42B) 'ﬁ'CP-sin(éC> -sin(ZA)

2
. LAY . ZBY\ . /C
= BP-CP-sin (2> sin <2> sin <2> .

NI —= N~
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Since the angles are fixed, it suffices to maximize BP - CP. Since BP + CP = 14, by AM-GM the
maximum possible value of BP - CP occurs when BP = CP = 7.

It follows that A B e
[PIglc] = 49sin (2) sin <2> sin <2>

Suppose X is the foot of the perpendicular from A to BC. It is well known that AX = 12, BX = 5, and
CX = 9. Itis easy to see by the Cosine Addition Formula that cos ZA = %. Then, we can apply the
Half Angle Formulas to see that

[PIglc] = 49\/(1 - (1-5)(1-2)

2:2-2
— 49/ B 135

2:2-2

8 49.8 392
=49\ =" =

652 65 65
The answer is then 392 4 65 = 457.

There are N ordered quadruples of positive integers (a, b, ¢, d) that satisfy a + b + 2c + 3d = 89. Find
the remainder when N is divided by 1000.

Solution. . It is nicer to deal with nonnegative integers. Supposew =a—1,x=b—-1,y=c—1,
and z = d — 1. Then, w + x + 2y + 3z = 82. We will attempt to find a function that returns the number
of quadruples for which w + x 4 2y + 3z is equal to some value by recursion.

Suppose Pj(n) is the number of solutions where x = y = z = 0. It is easy to see that
Pl (7’1) =1.

Similarly, suppose P,(n) is the number of solutions where y = z = 0. Then, w + x = n. It is easy to
see that

Py(n) = iPl(i) =n+1.
i=0

Suppose P;3(n) is the number of solutions where z = 0. This case is more tricky, because the coefficient
of y in our Diophantine Equation is 2, not 1. We can split into two cases: n = 2m and n = 2m — 1. If
n = 2m, then

P3(2m) = lij)Pz(Zi) = n:él?.i —1=(m+1)?= (71172)2

If n =2m — 1, then

Ps(2m—1) = ip(zzel) = iZi =m(m+1) =
i=1 i=1

(n+2)2-1

Finally, we have a total of 2 - 3 = 6 cases for P4(1), as we need to consider different values modulo 6.
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However, we seek P4(82) = P4(6 - 13 + 4). Therefore, we only need to consider Py(6m + 4). We have
Py(6m+4) = P3(1) + P3(4) + - - -+ P3(6m + 1) + P3(6m + 4)

= ip3(6i +1)+ ip3(6l. +4)

i=0 i=0
1 2m+2 D
i=1
1 (3(2m +2)(2m + 3)(4m +5)
-1 ( : —(m+1)
Py(6-13+4) = % (3'28 '229'57 - 14)
1
=4 (14-(3-29-57 1))
7
= 7 4958
—7.2479=7-479 =353 (mod 1000),

and we are done.

Suppose 2019 chicks are sitting in a circle. Suddenly, each chick randomly pecks either the chick on
its left or the chick on its right with equal probability. Let k be the number of chicks that were not
pecked. The probability k is odd can be expressed as 5, where p and g are relatively prime positive

integers. Find the remainder when p + g is divided by 1000.

Solution. . Define py, (k) as the probability k chicks were not pecked if n chicks were sitting in
the circle, where 7 is odd. We claim
k) — 1 n
pn(k) = =1\ 2k )"

Proof. Number the chicks 1 to n. Suppose we have a circular string s composed of L's and R’s such
that a L represents a peck to the left and a R represents a peck to the right. (Note circular means that
the character after the last character is the first character). A chick is not pecked iff the letter to the left
is L and the letter to the right is R. Now, reorder the string s to a new circular string s’ such that the
chicks are in the order 1, 3,5, ...,n,2,4,6,...,n — 1.

The number of unpecked chicks is then the number of times the string “LR” appears in s’. Note that
if “LR” appears k times, “RL” also appears k times. This is because s’ is circular, so there has to be a
point where the string transitions from R’s to L’s. Note that this reasoning is similar to the concept of
prefix sums. In addition, the “LR’s” and “RL’s” are alternating.

We can choose s’ in 2" ways. Now, we can choose the starting positions of the “LR’s” and “RL’s” in
(5;) ways. Note that there is no overcount because even if we choose two adjacent positions, we can
construct a string such as “LRL.” Consider the first position we choose in the string. It can be either
“LR” or “RL,” so we must multiply by 2. Note that the rest of the positions we choose rely on the
previous, so they are determined by what we choose for the first. Therefore,

pu(k) = 2% (;k) = 2”17*1 (an)

and our claim has been proven. B



2018 Mock AIME Solutions 12

15.

Since for py, (k) to be nonzero, k < | 5|, the probability k is odd is

505 505

1 2019 m
;)onw(zn -1) = 22018 <Zo <4n —2)) ~ 2018
i= =

for some m. We can evaluate m by Roots of Unity Filter. Consider the function f(n) = (n 4 1)2.
Suppose w = e™/2 = i is a 4 root of unity. Then,

f (1) _f (w> _I_f (WZ) _ f (WS) B 22019 _ (1 + i)2019 + 02019 _ (1 _ i)2019
= 1 .

m =

22019 _
Suppose t = (1+1)21 + (1 — )21, Note that m = — Writing in Polar Form,

i) 2019 7\ 201
t=\v2e* +\V2e #

2019 / 20197 2019 7ri
-2 2

(™
(e
)

o (V2 V2V
2 2 2 2
= 72 2 2
_ 1010

It follows that
22019 | 51010

m= "= 22017 | 51008 _ 51008 (21009 1) '

Then, our desired probability is

m 21008 (21009 1 1) 21009 4 q
22018 — 2018 — 721010

It is easy to see that gcd (2107 +1,21010) = 1, so we desire 219 + 1 4 21010 = 3. 21009 1 1 et this
value be x. By CRT, we only seek x modulo 8 and 125.

It is easy to see that x = 1 (mod 8). By Euler’s Formula, 2¢(12>) = 2190 = 1 (mod 125). Therefore,
x=3-2+1=3-512+1 = 37 (mod 125). We can write x = 8;4—1 for some j. Then, 8j +1 = 37
(mod 125), and 8j = 36 (mod 125), s02j = 9and j = § = 52 = 67 (mod 125). It follows that
x =8-67+1 =537 (mod 1000), and we are done.

Let a, b, ¢, and d be positive real numbers such that

13 (ac +bd)*> 5 (ad + bc)?

195 = b? = d? = = )
@V = 1302 — 10bc + 132 5a2 — 8ac + 522

Find the greatest integer that does not exceed a + b + ¢ +d.

Solution. . Clearly, an Algebra Bash would be catastrophic. Instead, we present a geometric
approach.
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Lemma. In cyclic quadrilateral ABCD with circumradius R, the area K of ABCD is
K = 2R?sin A sin Bsin 0,
where 0 is either one of the angles formed by the diagonals AC and BD of quadrilateral ABCD.

Proof. Suppose AB =w,BC =x,CD = y,and DA =z By the Extended Law of Sines, BD = 2R sin A
and AC = 2R sin B. It follows that

K= %-BD-AC-sinG = 2R?sin A sin Bsin 6,

and our lemma has been proven. Bl

B C

Consider a cyclic quadrilateral ABCD with ZABC = ZCDA = 90° and AB =4, BC =b,CD =g,
and DA = d. Then, the diameter of the circumcircle of ABCD is AC = +/195.

By Ptolemy’s Theorem, ac 4+ bd = /195 - BD. Substituting into the given equation gives

13(ac+bd)> ~ 13-195-BD? 195 - BD?

T 18302 —10bc + 132 1302 — 10bc + 132 b2 — Wpe 4 2

195

We then have BD? = b? + ¢? — 2bc - % This is the Law of Cosines on ABCD. It is easy to see that
cos ZBCD = % It follows that sin /BCD = % Then, by our Lemma, the area of ABCD is

.\ 2
K=2. (;95> ~10%-sin9:9051n9.

By the Law of Sines on ABCD, BD = %31%. By Ptolemy’s, ac + bd = 180.

Suppose we define the lengths of the arcs as in the proof of our lemma. Then, 8 = w;y .
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Cl

B’ D’
Now consider cyclic quadrilateral A’B'D'C’, with ZA’B'D’' = /D'C'A’ =90° and A’B’ = a, B'D’ = b,

D'C' =d,and C'A’ = c. It follows that A'B = w, B'D = X, DIC = z, and CA = y. Also note that
A'D’' = 1/195. Notice that

sinf = sin (w;—y) = sin <x—2|—z> =sin/B'A'C’.

By Ptolemy’s, ad + bc = 1/195 - B'C’. Substituting into the given equation gives

195 — 5(ad+bc)*>  5-195-B'C'?  195-B'C”
542 —8ac+5c2  5a% —8ac+5c2 g2 —8ac+ 2

We then have B'C? = 4% 4 ¢? — 2ac - %. Then, cos ZB'A'C! = %, and sinf = sinZB’A'C’ = % It
follows that
K=90sinf =54 — ab+ cd = 108.

Note that B'C’ = 35@ by the Law of Sines on AA’B'C’. By Ptolemy’s, ad + bc = 117. It follows that

@bt ctd= /(a2 + 1) + (2 + d2) + 2(ac + bd) +2(ab + cd) +2(ad + be)
:\/195—|-195—|-2-180—|—2-108—|—2-117:\/1200220\@,

and the answer is [20v/3| = 34.
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